Using the main result of a companion paper, in which the binding energy of a circular-orbit non-spinning compact binary system is computed at leading-order beyond the test-particle approximation, the exact expression of the effective-one-body (EOB) metric component g eff tt is obtained through first order in the mass ratio. Combining these results with the recent gravitational self-force calculation of the periastron advance for circular orbits in the Schwarzschild geometry, the EOB metric component g eff rr is also determined at linear order in the mass ratio. These results assume that the mapping between the real and effective Hamiltonians at the second and third post-Newtonian (PN) orders holds at all PN orders. Our findings also confirm the advantage of resumming the PN dynamics around the test-particle limit if the goal is to obtain a flexible model that can smoothly connect the test-mass and equal-mass limits.
I. INTRODUCTION
Although the "two-body problem" cannot be solved analytically in the general theory of relativity, at least two approximation methods can be used to tackle it. The first one dates back to Einstein's 1915 calculation of the relativistic perihelion advance of Mercury's orbit [1] , and is based on a perturbative treatment in powers of the ratio v/c between the binary's relative velocity v (in the center-of-mass frame) and the vacuum speed of light c. At the lowest order of approximation, this approach gives back the well-known Newtonian solution, and is therefore dubbed "post-Newtonian" (PN) expansion; see e.g. Ref. [2] and references therein. Currently, the twobody dynamics of non-spinning compact objects is known through 3PN order 1 [3, 4] , and the gravitational-wave fluxes of energy and angular momentum through 3.5PN [5] [6] [7] and 3PN [8] orders for circular and eccentric orbits, respectively. Spin effects have also been computed in the dynamics and gravitational radiation [9] [10] [11] using both Hamiltonian [12] [13] [14] [15] [16] and Lagrangian [9, 17] formulations. The effective-field-theory approach applied to gravity [18] has confirmed some of these results [19, 20] , and has pushed the calculations to higher PN orders for spinning bodies [20] [21] [22] [23] [24] [25] [26] [27] .
The second approximation method also dates back to 1915, namely to Karl Schwarzschild's famous wartime calculation of the gravitational field of a spherically symmetric body [28, 29] . While non-rotating black holes are described by the Schwarzschild metric, rotating black holes are represented by the Kerr solution [30] . The motion of test masses in the Schwarzschild or Kerr geometries is naturally described by the geodesic equations, which are valid for arbitrarily high values of the orbital velocity v (i.e. the geodesic equations formally include all PN corrections). If the finite mass of the particle and its backreaction on the background geometry are taken into account, the orbits will deviate from geodesic motion under the effect of the gravitational selfforce (GSF) [31] . More formally, Schwarzschild or Kerr geodesics can be seen as the orbital motion of the binary at the zeroth order of approximation in the mass ratio, while at first order the two-body dynamics is regulated by the so-called "MiSaTaQuWa" equation [32, 33] . The GSF can be split into a dissipative component related to gravitational-wave emission -which is described by the Regge-Wheeler and Zerilli equations in a Schwarzschild background [34, 35] , and by the Teukolsky equation in Kerr [36, 37] -, and a conservative component responsible for secular effects such as the periastron advance [38] [39] [40] .
A notable event in the history of the general relativistic two-body problem took place almost a century after Einstein's and Schwarzschild's early work, in 2005, with the first numerical simulations of the inspiral, merger, and ringdown of a system of two non-spinning black holes [41] [42] [43] . While these results constitute a truly remarkable achievement, current "state-of-the-art" numerical relativity (NR) simulations are still too time-consuming to provide gravitational waveforms covering the whole parameter space of binary black-hole systems, especially for small mass ratios [44] and black holes with large spins [45, 46] .
A semi-analytical approach that is flexible enough to incorporate information from both PN expansions and black-hole perturbations, as well as from NR simulations, is the effective-one-body (EOB) method [47] . The basic idea behind this construction is to map the orbital dynamics of an arbitrary mass-ratio compact binary system onto that of a test particle in a suitable background spacetime. In order for the EOB model to have the correct test-particle limit, this effective background metric, g eff αβ , must clearly reduce to that of a Schwarzschild black hole when one of the masses goes to zero (for nonspinning binaries). In addition, such a mapping is known to exist for any mass ratio at the Newtonian level, because in Newtonian gravity one can always map the dynamics of a binary system with masses m 1 and m 2 onto the motion of an effective particle with reduced mass µ = m 1 m 2 /(m 1 + m 2 ) around a body with total mass M = m 1 + m 2 . It is therefore natural to try to achieve the EOB mapping by considering an effective particle with mass µ moving in a time-independent and spherically symmetric deformed Schwarzschild spacetime with total mass M ,
where the deformation is regulated by the symmetric mass ratio ν ≡ µ/M . In the test-particle limit ν → 0, we recover (by construction) the Schwarzschild result g eff tt = −1/g eff rr = −1 + 2M/r. Beyond that limit, the ν-dependence of the EOB potentials g eff tt and g eff rr encodes crucial information about the dynamics of the real binary system. Buonanno and Damour [47] showed that, for spinless binaries, the EOB mapping can be achieved not only at the Newtonian level, but also at the 1PN and 2PN orders, obtaining the following relation between the Hamiltonian H real of the real binary system and the Hamiltonian H eff of the effective particle:
Remarkably, this formula coincides with that introduced by Brézin, Itzykson and Zinn-Justin [48] in quantum electrodynamics to map the one-body relativistic Balmer formula with the two-body one; for example it can relate some of the energy levels of positronium (an equal-mass system comprised of an electron and an anti-electron, described by the real two-body Hamiltonian H real ) to those of the hydrogen atom (an "extreme" mass-ratio system described by the effective Hamiltonian H eff ).
Since the original paper [47] , the EOB mapping has been extended to 3PN order for non-spinning binaries [49] , and shown to exist also for spinning binaries, through 3.5PN order in the spin-orbit terms, and 2PN order in the spin-spin terms [50] [51] [52] [53] [54] [55] . Furthermore, the EOB construction has grown to include a model for the gravitational waveforms [56] [57] [58] [59] [60] , allowing detailed comparisons (and calibrations of the EOB model's unknown parameters) with NR waveforms for non-spinning and spinning comparable-mass binaries [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] , as well as with Regge-Wheeler-Zerilli [57, [72] [73] [74] [75] and Teukolsky waveforms [60, [76] [77] [78] for small and extreme mass-ratios.
More recently, information coming from GSF calculations has started to be included into the EOB model. References [53, 71, 79] used the frequency shift of the Schwarzschild innermost stable circular orbit (ISCO) induced by the conservative GSF, as recently calculated by Barack and Sago [39] (see also Ref. [80] ), to constrain some unknown parameters entering the g eff tt component of the EOB effective metric (1.1) for spinless binaries, and regulating the unknown higher PN orders. Ref. [79] also suggested using GSF data to determine a certain combination ρ SF of the free functions parametrizing the g eff tt and g eff rr components of the EOB effective metric, at linear order in the mass ratio. That suggestion was then realized in Ref. [81] , which calculated the strong-field behavior of ρ SF using the GSF contribution to the periastron advance for quasi-circular orbits in a Schwarzschild background.
Besides the ISCO frequency shift and the periastron advance, a third physically meaningful (i.e. coordinate invariant) perturbative result that has been obtained within the GSF framework is the conservative effect of the self-force on the "redshift observable" z ≡ −u α K α , u α being the particle's four-velocity and K α the helical Killing vector of the perturbed Schwarzschild geometry [38, [82] [83] [84] [85] . Refs. [38, 84, 85] (see also [86] ) demonstrated a very good agreement between the numerical GSF result and the PN prediction.
The quantity z measures the redshift of light rays emitted from the particle, and received far away from the binary system, along the helical symmetry axis perpendicular to the orbital plane [38] . In the companion paper [87] , we put forward a different interpretation for the redshift observable. Building on the first law of binary point-particle mechanics recently established in Ref. [88] , we relate z to the binding energy of a binary system of non-spinning compact objects through next-to-leading order in the mass ratio. Using the numerical results of Refs. [38, [82] [83] [84] [85] , in which the GSF contribution to the redshift observable of a non-spinning particle moving on a circular orbit around a Schwarzschild black hole was calculated, we derive an explicit expression for the binding energy.
In this paper, we use this new result for the binding energy, assuming that the mapping (1.2) holds at all PN orders, to derive the exact expression of the g eff tt component of the EOB effective metric (1.1) for non-spinning binaries, through linear order in the mass ratio. The resulting expression exactly reproduces the ISCO frequency shift calculated by Barack and Sago, and goes far beyond the results of Refs. [53, 71, 79] that could only constrain certain combinations of unknown parameters appearing in the EOB potential g eff tt .
Moreover, thanks to the exact knowledge (at least through linear order in the mass ratio) of g eff tt , we are able to use the GSF results of Ref. [79, 81] for the periastron advance to determine the EOB metric component g eff rr exactly (through linear order in the mass ratio) for nonspinning binaries. This constitutes significant advance over earlier results that could only constrain combinations of unknown functions entering g eff tt and g eff rr . Our results therefore completely determine the EOB effective metric (1.1) for a system of non-spinning compact objects, at first order in the mass ratio.
This paper is organized as follows. In Sec. II, after briefly reviewing the EOB effective metric and Hamiltonian dynamics, we use the binding energy computed in Ref. [87] to derive the exact correction to g eff tt that is linear in the mass ratio. Moreover, employing the results of the periastron advance for circular orbits from Refs. [79, 81] , we also derive the exact term linear in the mass ratio in g eff rr . In Sec. III we use the binding energy computed through 6PN order in Ref. [88] , together with several constraints among the EOB metric coefficients derived in Refs. [79, 81] , to compute g eff tt and g eff rr through 6PN and 5PN orders, respectively, at linear order in the mass ratio. Finally, in Sec. IV we discuss the main results of the paper and comment on future work. The structure of the EOB Hamiltonian used in the rest of this paper is detailed in an Appendix.
II. SELF-FORCE CONTRIBUTIONS TO THE EOB POTENTIALS
Within the EOB framework, the real Hamiltonian H real encoding the orbital dynamics of two non-spinning compact objects is mapped to an effective Hamiltonian H eff describing a test particle of mass µ = m 1 m 2 /(m 1 + m 2 ) moving in a deformed Schwarzschild metric of mass M = m 1 + m 2 . The deformation is regulated by the binary's symmetric mass ratio ν = µ/M , and disappears in the test-particle limit ν → 0. The EOB effective metric reads [47] 
where the potentials A ≡ −g eff tt and B ≡ g eff rr are known through 3PN order [47, 49] . We find it more convenient to work with the potentialD ≡ (AB) −1 , so that
where u ≡ M/r denotes the inverse Schwarzschild-like EOB radial coordinate. In the test-particle limit ν → 0, we recover (by construction) the Schwarzschild results A(u) = 1 − 2u andD(u) = 1. Through 3PN order, the effective Hamiltonian is given by [47, 49] 
where we introduced the reduced conjugate momentum p = p/µ and the unit vector n = r/r. Finally, the socalled improved real (or EOB) Hamiltonian reads [47] 
When extending the EOB Hamiltonian (2.4) to higher PN orders, one needs to modify the effective dynamics with terms depending on higher-order powers of the momentump [49] , thus resulting in sextic and higher powers ofp inside the square brackets of the effective Hamiltonian (2.3). However, as shown in Ref. [49] and discussed in the Appendix, the mapping between the real and the effective descriptions can always be arranged in such a way that these "non-geodesic" terms are proportional to the radial momentump r ≡ n ·p, thus vanishing for circular orbits, at all PN orders. Moreover, we will show in the Appendix that this holds true even if the mapping (2.4) between the real and the effective Hamiltonians is assumed to be valid at all PN orders. This standpoint was also adopted in Ref. [79] , and it is the one that we embrace in this paper. In other words, our results are valid for the class of EOB models that adopt the mapping (2.4) at all PN orders, and for which the non-geodesic higherorder momentum terms are proportional top r , thus vanishing for circular orbits.
We notice that the 3PN-accurate expression (2.2a) of the EOB potential A(r) does not contain terms proportional to ν 2 and ν 3 , despite the fact the PN binding energy does contain such terms. By contrast, at 3PN order, the EOB "radial" potential B(r) -and hence the inverse productD = (AB) −1 [cf. Eq. (2.2b)] -contains a term proportional to ν 2 . The GSF results will allow us to control the exact contributions proportional to the binary's mass ratio q ≡ m 1 /m 2 = ν + O(ν 2 ), 3 thus only the terms linear in ν in A(r) andD(r).
In the next two Subsections, we will derive the GSF contributions to the EOB potentials, namely the func-
A. Self-force contribution to the EOB effective metric potential A
We will restrict the discussion to circular orbits, computing first the EOB energy E EOB for such orbits. Now, the angular momentum L ≡ p φ can be determined as a function of the inverse separation u by solving the equationṗ
which is valid for circular orbits only. From the expressions (2.3) and (2.4) of the effective and EOB Hamiltonians, this gives
where we denote A ≡ dA/du. Replacing this result in the expressions for the Hamiltonians, we obtain the circular-orbit EOB energy as
We also introduce the dimensionless coordinate-invariant quantity x ≡ (M Ω) 2/3 , where Ω is the constant circularorbit frequency, given by
as well as r Ω ≡ M/x, a convenient invariant measure of the orbital separation.
Since we are interested in improving the EOB Hamiltonian using GSF results, we will work at linear order in the symmetric mass ratio ν, thus neglecting terms O(ν 2 ) or higher. Inverting Eq. (2.9) and making use of the expression (2.7) for the angular momentum yields [79] 
(2.10) Next, we compute the (specific) EOB binding energŷ E EOB ≡ (E EOB − M )/µ at linear order in ν, for circular orbits. From Eqs. (2.8), in which we substitute the coordinate-dependent variable u in favor of the invariant variable x using (2.10), we obtain
Recently, Ref. [87] used the first law of binary pointparticle mechanics [88] , together with GSF results for the redshift observable z [38, [82] [83] [84] [85] , to compute the binding energy E and total angular momentum L of a circular-orbit non-spinning compact binary, through next-to-leading order in the symmetric mass ratio ν (at all PN orders). In particular, the specific binding energŷ E ≡ E/µ reads [87] 
where z SF (x) is the self-force contribution to the redshift z of the lightest point mass, which is known numerically, with high accuracy, for circular orbits down to r Ω = 5M (see below for more details).
By
Interestingly, this differential equation can be solved analytically in terms of z SF (x). The solution is particularly simple, and explicitly reads
This is one of the most important results of this paper: we have succeeded in relating the known GSF contribution z SF (x) in the redshift observable to the EOB dynamics for circular orbits. As a result, we can now compute the EOB radial potential A(r) given in Eq. (2.5a) including all PN corrections, at linear order in ν. As a consistency check, the PN expansion of z SF (x), as given by Eq. (4.16) and Table I of Ref. [88] , can be used with Eq. (2.14) to recover the 3PN expansion (2.2a) of A SF (x). We stress that the EOB model with this form of the potential A(r) automatically reproduces the shift of the ISCO frequency under the effect of the conservative part of the GSF, as calculated by Barack and Sago in Refs. [39, 80] . This is because the notion of ISCO coincides with that of minimum energy circular orbit (MECO) for any orbital dynamics that can be derived from a Hamiltonian [89] , and the MECO as computed from Eq. (2.12) returns the correct ISCO frequency shift [87] . This is a considerable improvement over earlier versions of the EOB potential A(r), which were resorting to free parameters regulating unknown high-order PN effects [53, 71, 79] in order to reproduce the ISCO frequency shift due to the conservative GSF.
Furthermore, if we use our newly derived potential A(r) together with Eqs. (2.7) and (2.10) to compute the dimensionless angular momentumL ≡ L/(µM ) for circular orbits, expressed in terms of the coordinate-invariant quantity x, we recover the result obtained in Ref. [87] , namelŷ
which holds at all PN orders and at linear order in ν. This comes at no surprise because the binding energy and total angular momentum for circular orbits satisfy the exact relation ∂Ê/∂L = M Ω in the EOB model. Therefore, once the energy coincides with the exact expression established in Ref. [87] , so must the angular momentum. The GSF contribution z SF (x) to the redshift observable has been calculated numerically in Refs. [38, [82] [83] [84] [85] for a variety of orbital separations, in the range 5M r Ω 500M . In the companion paper [87] , we established that this numerical data can conveniently be represented with an accuracy better than a part in 10 5 , using the compact analytical formula
with the coefficients a 1 = −2.18522, a 2 = 1.05185, a 3 = −2.43395, a 4 = 0.400665, and a 5 = −5.9991. This fitting formula accounts for the leading-order (1PN) behavior z SF (x) = 2x + O(x 2 ) when x → 0 [88] . Since current GSF data for z SF (x) is limited to orbital separations r Ω 5M , the GSF-accurate EOB potential A(u) given by Eqs. (2.5a) and (2.14) is (for now) only known in the range 0 x 1/5.
B. Self-force contribution to the EOB effective metric potentialD
The non-circular conservative dynamics of spinless binaries is regulated by the radial frequency Ω r and by the averaged angular frequency Ω φ , respectively defined by
where P is the radial period, namely the time interval between two successive periastron passages,φ ≡ dφ/dt is the time derivative of the orbital phase φ(t), and ∆Φ/(2π) = K − 1 is the fractional advance of the periastron per radial period. In the circular-orbit limit, by definition the radial frequency vanishes at the ISCO; hence the periastron advance K = Ω φ /Ω r blows up there. For this reason, Refs. [79, 81] found it convenient to work with the quantity W ≡ 1/K 2 , which is regular at the ISCO. Reference [81] calculated numerically the GSF contribution to W , i.e. the function ρ SF (x) such that
The authors performed several fits of the GSF data for ρ SF (x) (in the range 6M r Ω 80M ). In particular, they found that this data can be accurately reproduced at the 2.4 × 10 −3 level by means of the compact analytic formula Reference [79] recently studied the dynamics of slightly eccentric orbits within the EOB formalism, and found that the GSF correction ρ SF (x) to the periastron advance is related to the EOB potentials A SF (x) andD SF (x) by
Solving the above equation for the unknownD SF (x), we immediately obtain
where A SF (x) is given explicitly in terms of z SF (x) by Eq. (2.14) above. Equation (2.21) is another important result of this paper: the EOB potentialD(r) governing the non-radial motion, as given by Eq. (2.5b), is now known exactly at linear order in ν, through the known GSF contributions z SF (x) and ρ SF (x) to the redshift observable and periastron advance. Note that the apparent pole at the Schwarzschild ISCO (x = 1/6) in Eq. (2.21) must be canceled out by a factor (1 − 6x) in the numerator, because the potentialD(r) is perfectly regular at the ISCO. This can be verified using the fit (2.16) for z SF (x), which is accurate to within 10 −5 , together with the fit (2.19) for ρ SF (x), which is accurate to within 2.4 × 10 −3 using the coefficients b 1 , b 2 and b 3 from Ref. [81] , and to within 10 −5 , although in a more limited frequency range, using the coefficients b 1 , b 2 and b 3 from Ref. [90] . Using these fits, the behavior ofD SF (x) near the ISCO is of the formD SF (x) = /(x−1/6)+O (1), where the dimensionless parameter is about 4 × 10
with the coefficients b 1 , b 2 and b 3 from Ref. [81] , and 3.4×10 −5 with the coefficients b 1 , b 2 and b 3 from Ref. [90] . One can therefore argue that the value of is comparable to the accuracy of the fits and thus compatible with zero.
Finally, when using the known PN expansions of the GSF contributions ρ SF (x) and z SF (x) to the redshift observable and periastron advance (see e.g. Eqs. (5.32) and (5.39) of Ref. [79] , and Eq. (4.16) and Table I of Ref. [88] ), we recover, as expected, the 3PN expansion (2.2b) ofD SF (x).
III. HIGH-ORDER POST-NEWTONIAN TERMS IN THE EOB POTENTIALS
Recently, the authors of Ref. [88] derived a first law of mechanics for non-spinning compact objects modelled as point particles, and moving along exactly circular orbits. By making use of previous GSF results for the redshift observable [38, 84, 85] , they could determine the numerical values of some previously unknown coefficients entering the expression of the circular-orbit binding energy E. Through 6PN order, the (specific) binding energy explicitly readŝ
where the numerical values of the 4PN, 5PN and 6PN coefficients e 4 (0), e 5 (0), e 6 (0), and e ln 6 (0) were found to be [88] e 4 (0) = +153.8803(1) , (3.2a) e 5 (0) = −55.13(3) , (3.2b) e 6 (0) = +588 (7) , (3.2c)
(The uncertainty in the last digit is indicated in parenthesis.) Note that the leading-order 4PN and next-toleading order 5PN logarithmic contributions to the binding energy are known analytically [85] . The value of the post-GSF coefficient (term ∝ ν 2 ) in the 5PN logarithmic contribution is that corresponding to the "physical problem" in the language of Ref. [88] , i.e. when the helical symmetry is not imposed (see [88] for more details).
In the next two Subsections, we will use Eqs. (3.1) and (3.2), together with the results of Ref. [81] , to compute the 4PN, 5PN and 6PN coefficients in A(u), as well as the 4PN and 5PN coefficients inD(u), at linear order in the symmetric mass ratio ν. Similarly to what was done in Sec. II, we restrict here to the class of EOB models that adopt the mapping (2.4) at all PN orders, and for which the non-geodesic higherorder momentum terms are proportional to the radial momentum. As a consequence, the 4PN, 5PN and 6PN corrections determined in Eqs. (3.1) and (3.2) enter the effective Hamiltonian only through the radial potential A(r), i.e., through the coefficients a 5 (ν), a ln 5 (ν), a 6 (ν), a ln 6 (ν), a 7 (ν) and a ln 7 (ν) in the PN expansion
A comment regarding the general structure of the PN expansion of A(u) is in order. It was argued in Ref. [85] that terms involving powers of logarithms should not occur in the conservative part of the dynamics of a compact binary system before the very high 7PN order. Within the class of EOB Hamiltonians that we consider in this work, the potential A is directly related to the conserved binding energy E of the real binary system. Hence we expect no term of the type (ln u) p , with p 2, in the 6PN-accurate expansion (3.3) of A(u). Now, in order to derive the ν → 0 limits of the coefficients a i (ν) and a ln i (ν) (with i = 5, 6, 7), we first determine the angular momentum L = p φ as a function of the circular-orbit frequency Ω by solving Eqs. (2.6) and (2.9). Second, we insert L = L(Ω) in Eqs. (2.3) and (2.4), set p r = 0, and expand Eq. (2.4) 
As a consistency check, we verified that the same values for these coefficients also follow from expanding in PN orders the potential A given by Eqs. (2.5a) and (2.14), using the 6PN-accurate fit to z SF (x) given in Eq. (4.16) and Table II of Ref. [88] . Finally, we note that the values of the coefficients a 5 (0) and a 6 (0), as determined in Ref. [79] [see Eq. (4.46) there] by combining the EOB/NR comparison of Ref. [70] with the constraint coming from the GSF calculation of the ISCO frequency shift, are in poor agreement with the exact results (3.5a) and (3.5b); in particular the signs of both coefficients are wrongly predicted. Even without taking into account the constraint from the GSF, the correct values (3.5a) and (3.5b) lie far outside the (banana-shaped) region of the a 5 (0), a 6 (0) plane favored 7 Actually these logarithmic terms are known for all mass ratios: a ln 5 (ν) = 64 5 and a ln 6 (ν) = − by a comparison of the EOB prediction with the NR waveform of an equal-mass binary black-hole simulation [70, 91] . This disagreement does not surprise us. Indeed, several causes can affect the correct values of the coefficients a 5 (0) and a 6 (0) when they are extracted from a EOB/NR calibration, such as radiation-reaction effects and all higher-order PN contributions in A(r), which become important during the plunge and close to merger, but are neglected in those calibrations.
B. High-order post-Newtonian terms in the EOB metric potentialD
We will now show that by combining the results of this paper with those of Ref. [81] , we can also determine the exact or approximate numerical values of the non-logarithmic and logarithmic coefficientsd 4 
The authors of Ref. As a consistency check, we verified that the values (3.9) can be recovered by inserting the PN fits to z SF (x) and ρ SF (x) given in Refs. [81, 88] into the exact expression (2.5b) and (2.21) forD.
In summary, building on the results of Refs. [81, 88] , we have computed the 4PN, 5PN and 6PN terms in the EOB potential A(u), as well as the 4PN and 5PN terms in the potentialD(u), at linear order in ν.
IV. DISCUSSION AND CONCLUSIONS
The potential A(u) given by Eqs. (2.5a) and (2.14) ensures that the EOB binding energy for circular orbits coincides, at linear order in ν, with the exact result (2.12). In order to investigate the properties of the EOB resummation, as opposed to the standard PN expansion, we will here compare this exact result for the binding energy to the PN predictions, as well as to the EOB binding energy, as computed with the PN-expanded version of the potential A(u) [cf. Eq. (3.3) ].
In Figs. 1 and 2 we show the fractional difference between the GSF-accurate (specific) binding energyÊ(x) given by Eq. (2.12), and either the EOB (specific) binding energy obtained from Eqs. (2.8) using the PN-expanded potential A (at linear order in ν), or the PN (specific) binding energy given in Eq. (3.1), including only the terms linear in ν. The fractional difference is presented as a function of x = (M Ω) 2/3 up to x = 1/5. We consider three representative symmetric mass ratios, namely ν = 0.01, 0.1, and 0.25, and several PN orders.
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From Figs. 1 and 2 we observe that up to x = 1/5 the EOB-approximants are much closer than the PNapproximants to the exact GSF result for the small massratio case ν = 0.01, and are (roughly) comparable, with some differences depending on the PN order, to the exact GSF result for the comparable mass-ratio cases ν = 0.1 and ν = 0.25.
These results confirm the utility of resumming the PN dynamics around the test-mass limit if the goal is to obtain a flexible model that can smoothly bridge between the test-mass and equal-mass limits. This flexibility exists in the EOB model not only at the level of the binding energy for circular orbits, but more importantly at the level of the Hamiltonian, thus for generic orbits and beyond the innermost stable circular orbit. It is a crucial feature that has allowed to build faithful inspiralmerger-ringdown templates that can span the entire binary's mass-ratio range [57, [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] .
We leave to future work a detailed study of how the EOB model, augmented with the gravitational self-force results in A(u) andD(u), performs against numericalrelativity simulations of comparable-mass black-hole binaries [71] . Comparisons using a 4PN, 5PN, or even 6PN-accurate EOB model can already be pursued. However, in order to use the EOB potentials with all PN terms linear in ν, more self-force data is needed for the redshift observable z SF (x) beyond x = 1/5, and for the periastron advance ρ SF (x) beyond x = 1/6.
Given that at the PN order (n, k) we have two new coefficients in the effective metric potentials A andD, multiplied respectively by u n+1 (ln u) k and u n (ln u) k , but no new coefficient in the mapping between the real and effective Hamiltonians, because we assume that (2.4) is valid at all PN orders, we obtain that the difference between the number of equations to satisfy and the number of unknowns is δ(n, k) = C H (n, k) − C G (n, k) − 2 − C circ NG (n, k)
which is always zero or negative starting at 3PN (n = 3). This proves that for all n 3 (and any k 0), it is possible to build the mapping between the real and the effective descriptions in such a way that Eq. (2.4) holds, and circular orbits follow from a "geodesic" effective Hamiltonian [i.e., all the higher-momentum terms inside the square brackets in Eq. (2.3) can be chosen to be proportional to the radial momentum (np)]. It is for this class of EOB Hamiltonians that we have determined the effective metric potentials A andD at all PN orders, linearly in the symmetric mass ratio ν.
